The standard map x = x + y , y = y + (K/2π)sin(2πx), where both x and y are given modulo 1, becomes mostly chaotic for K ≥ 8, but important islands of stability appear in a recurrent way for values of K near K = 2nπ (groups of islands I and II), and K = (2n + 1)π (group III), where n ≥ 1. The maximum areas of the islands and the intervals ∆K, where the islands appear, follow power laws. The changes of the areas of the islands around a maximum follow universal patterns. All islands surround stable periodic orbits. Most of the orbits are irregular, i.e. unrelated to the orbits of the unperturbed problem K = 0. The main periodic orbits of periods 1, 2 and 4 and their stability are derived analytically. As K increases these orbits become unstable and they are followed by infinite period-doubling bifurcations with a bifurcation ratio δ = 8.72. We find theoretically the connections between the various families and the extent of their stability. Numerical calculations verify the theoretical results.
Introduction
A problem of theoretical interest in highly perturbed dynamical systems is whether chaos is complete. For example, the standard map
(where (mod 1) refers to both formulae), seems to become completely chaotic for K larger than about K = 7.6. Nevertheless, there are small islands of stability for arbitrarily large K. Such islands appear close to the points where the asymptotic curves of the unstable periodic orbits have tangencies [Newhouse, 1983] . The most general result for the standard map was derived by Duarte [1994] who has shown that the values of K when there are islands of stability form a residual set everywhere dense. That is between any two values of K that differ by ∆K there are intervals of K for which the standard map has small islands of stability. The total measure of these intervals of K within a given ∆K may be small. Giorgilli and Lazutkin [2000] estimated that this measure is of order 1/K. But, although there may be many values of K without any islands at all, the standard map does not become an Anosov system for large K, because Anosov systems are structurally stable, i.e. a small perturbation gives again an Anosov system.
The main question is now whether such islands are appreciable, i.e. whether they cover a part of phase space that is not very small.
The numerical evidence is that for large values of K most islands are extremely small. For example, for K ≤ 6 there are appreciable islands of stability [Fig. l(a) ], but these islands disappear for larger K [K = 8; Fig. 1(b) ] and any remaining islands seem to be below the level of detectability.
However, for larger values of K further islands were found [Chirikov, 1970; Lichtenberg & Lieberman, 1992; Rom-Kedar & Zaslavsky, 1999; Zaslavsky, 2002] . In the present paper we make a systematic study of such islands. We found appreciable islands of stability for certain intervals of values of K, at least up to K = 200. These islands appear in a recurrent (almost periodic) way. Similar, albeit smaller, islands appear for even larger K.
We study this recurrence phenomenon in Sec. 2, and give an explanation of it in Sec. 3. In Secs. 4 and 5 we study the underlying periodic orbits, and in Sec. 6 we present our conclusions.
Recurrence of Islands
We explored systematically the phase space (0, l) × (0, l) in the standard map for values of K beyond K = 4.5 with a step dK equal to dK = 0.0001.
The total area of the islands was derived as follows. We divided the phase space (x, y) into 10 6 cells of size 0.001 × 0.001 and found how many cells contained (or not) iterates of an orbit starting in the chaotic sea. We tested different initial conditions (x 0 , y 0 ) and different numbers of iterations N . We found that we needed at least N = 10 8 iterations in order to find a reliable value of the area A of the islands (number of empty cells divided by 10 6 ). In some cases we had to reach N = 5 × 10 9 .
This method cannot give details smaller than the grid size (0.001 × 0.001). Thus in several cases we used a finer grid, namely [(l/3000) × (1/3000)], in order to find more accurate values of A.
In Fig. 2 , we give the total size (area) of the islands as a function of K. The first large islands in this figure appear around K = 4π (Fig. 3 ). These islands cover over 0.2% of the total phase space at their maximum and they belong to two groups. Group I represents islands outside the x-axis, as in Fig. 1(a) . These islands surround two points belonging to a stable periodic orbit of period-2. The first point is between (x = 0.5, y = 0) and (x = 0.75, y = 0.5) while the second is symmetric to the first with respect to the center of Fig. 1 (a) (x = y = 0.5). The sizes of the islands of group I are given by a solid line in Fig. 3 . This group contains also bifurcations of this period-2 family of periodic orbits (see Sec. 4).
The second group (group II) represents islands close to the x-axis (y = 0) (Fig. 4) . Such islands appear for K a little larger than 4π (dashed line of Fig. 3 ).
Similar islands of groups I and II appear close to
The islands of group I exist mainly for K ≤ 2nπ, but also a little beyond K = 2nπ, while the islands of group II exist for K > 2nπ. There are also islands, forming a third group (group III), that appear close to
This group contains islands of period-4, two of them being near the x-axis (y = 0) and two outside this axis (Fig. 5) . These islands appear in pairs, i.e. there are two period-4 islands near each other (Fig. 6) .
The maximum islands of this group, for K = 15.6, occupy 0.15% of the total area of phase space. However, these islands extend over smaller intervals of values of K. The maximum sizes of the islands decrease with K according to power laws
where a = 0.72 and b = −2.30 for groups I and II and a = 1.22 and b = −2.45 for group III (Fig. 7) . We notice that b is not very far from the theoretical Fig. 7 . The maximum size of the islands as a function of K for groups I and II (dark dots) and for group III (white squares). The curves represent Eq. (4). [Chirikov, 1979] . The islands become smaller than A = 0.00001 for K larger than about K ≈ 130.
The intervals of ∆K where we have islands of the groups I, II and III are approximately inversely proportional to K (Secs. 4 and 5).
Between the islands of groups I, II and III, there are smaller islands for very small intervals of values of K. Such islands appear in every interval ∆K, as predicted by the theorem of Duarte [1994] .
The sizes of the islands around their maximum increase and decrease in a typical way. In Fig. 3 we see that as K increases the islands of the group I appear for the first time for K = 11.87 and their size increases abruptly. The curve A in Fig. 3 is fractal with an infinite number of intervals where it increases and decreases. The area of these islands (and their bifurcations) reaches and remains zero for K ≥ 12.8. The second set of islands (group II) starts at K = 4π. Their size increases and decreases in the same way as group I islands.
The increase and decrease of the size of the islands is well understood [Contopoulos et al., 1999] . Let us consider the island around the stable invariant point O 1 [ Fig. 1(a) ]. In fact there are two such invariant points, O 1 and O 1 , symmetric with respect to the center (x = y = 0.5), that are generated by bifurcation from the periodic orbit O (x = 0.5, y = 0) for K = 4 (see Sec. 4). Here we consider only the island O 1 , around a point with x > 0.5. As K increases beyond K = 4 the orbit O becomes unstable and some chaos is generated around it. For K < 4.35 this chaotic domain does not communicate with the large chaotic sea that fills most of the phase space. In fact there are closed invariant curves (KAM curves) surrounding O, and also O 1 and O 1 . However, for K > 4.35 these KAM curves are destroyed and the islands O 1 and O 1 are floating in the large chaotic sea [ Fig. 1(a) ].
The size of the island O 1 is defined by the last KAM curve, that surrounds the stable periodic orbit O 1 and separates the island from the large chaotic sea outside it. As K increases, the last KAM curve expands until it is destroyed at a critical value K = K n/m and becomes a cantorus. Then the size of the island decreases abruptly, and is limited by a new last KAM curve. This transition is related to a resonance n/m. Namely for K < K n/m there are m secondary islands inside and close to the original last KAM curve. Between these islands there are m unstable invariant points. Near these points there is chaos, that surrounds also the m islands, and is separated from the outer chaotic sea by the last KAM curve. When K > K n/m the last KAM curve surrounding the m islands becomes a cantorus. Then the chaotic region between the m islands communicates with the large chaotic sea through the cantorus and the m islands are floating in the chaotic sea. Then the original island is surrounded only by KAM curves closer to its center than the m islands, and the new last KAM curve is inside the m islands.
As K increases further this new KAM curve expands, until it is also destroyed. Some of the main resonances responsible for the abrupt decrease of the size (area) of the islands are marked in Fig. 3 . The same resonances, like 3/5, 1/2, 3/7, 1/3, 1/5 appear in the interval K = 4.5 − 7.6 (Fig. 8) . Figure 8 is similar to Fig. 2 of [Contopoulos et al., 1999] . There are only small differences due to the fact that in the previous paper we measured the distance of the last KAM curve from the central invariant point O 1 along the y-direction, while here we give the area of the island. The point O 1 becomes unstable for K = 2π ≈ 6.283 and for a little larger K (K = 6.335) the last KAM curve around O 1 is destroyed and the islands that surround O 1 vanish. However, if we measure the area of the islands we do not reach zero for K = 6.335. In fact, there are two new islands O 2 and O 2 on the left and on the right of O 1 , that grow larger as K increases beyond K = 2π.
The changes of the area A of the secondorder islands beyond K = 6.335 are similar to the changes of A along the original islands. The second-order periodic orbits O 2 and O 2 are stable up to K = 6.594 and they become unstable for larger K. Then we have the formation of four stable points until K = 6.630, and so on (see Sec. 4). The successive intervals of stability decrease by a factor 8.72 [Benettin et al., 1980] . Finally, for K > 6.635 there are infinite bifurcating families, which are all unstable.
In Figs. 3 and 8 a second set of islands, represented by dashed lines appears, for larger values of K (islands of group II). These islands are formed around stable periodic orbits on the x-axis (see Sec. 4). The increases and decreases of these islands follow the same pattern as in the main islands around O 1 .
The form of Fig. 3 seems to be universal. The islands near every value of K = 2nπ of groups I and II are similar to Fig. 3 . Two examples are given in Fig. 9 for K around K = 6π and K = 50π. All these islands with n ≥ 2 surround irregular periodic orbits that are generated from zero at tangent bifurcations. The only exception are the islands with n = 1 and in particular for K ≤ 4.8 (Fig. 8) . In this case the average size of the islands increases to large values as K decreases below K = 4.8. In fact, the islands around O 1 and O 1 are generated from the larger island around O (x = 0.5, y = 0) that exists for K < 4.35.
The area of the islands at the resonance 1/3 in Figs. 3 and 8 vanishes for a particular value of K. [Contopoulos et al., 1999] ). A similar 1/3 resonance appears when the central period-2 orbit becomes unstable for K = 12.28 in Fig. 3 .
The variation of the size of the islands is similar for all the islands of groups I and II.
A comparison of the size of the islands of groups I and II for K near 6π and near 4π after appropriate scaling is given in Fig. 10 . A scaling is defined by the requirement that one maximum A and two main dips should coincide. Then a measure of the agreement between the two curves is given by the chi-square test. Let A i1 be the value of the size of the islands for K near 6π (solid line) and A i2 the same for K near 4π (dashed line). Then the quantity chi-square is given by the standard formula [Press et al., 1992] .
where i extends from 1 to N , and N is of the order of 500. If χ 2 is smaller than 10 −2 the agreement is very good, while if χ 2 is larger than 10 −1 the agreement is bad.
In Fig. 10 we compare the variations of the sizes of the islands near K = 6π and K = 4π. The value of chi-square is χ 2 = 1.6 × 10 −2 for orbits of group I and χ 2 = 4.4 × 10 −3 for group II. If we compare a curve of group I with a curve of group II we find again a very good agreement, namely χ 2 = 8.5 × 10 −3 .
On the other hand the islands of group III increase and decrease in a somewhat different way [Figs. 11(a) and 11(b) ]. These islands appear in pairs, thus they are different from the islands of groups I and II, but they are similar to each other. A comparison of the islands of group III after an appropriate scaling is given in Fig. 12 . The corresponding chi-square is χ 2 = 6.1 × 10 −3 . But if we compare a curve of group III with a curve of group II, then chi-square is χ 2 = 2.4 × 10 −1 , i.e. much larger. Thus although the resonances in groups I, II and III are the same, the increase and decrease of the islands of group III is different from the other two cases. This is due to the fact that the islands of group III are close to each other and they affect the growth of both of them.
Similar figures appear in maps similar to the standard map [Karney et al., 1982] , and in Hamiltonian systems. e.g. systems of two coupled oscillators [Contopoulos et al., 1999] or the restricted three-body problem [Hénon, 1966, Fig. 19] . In fact as the perturbation increases the islands first increase in size, but later, when chaos becomes dominant, they decrease and disappear. However, a detailed comparison of the sizes of the islands in different systems is provided here for the first time. 
Explanation
The islands in the intervals of K near K = 12, K = 18, etc. are not only similar in size with the islands close to K = 6 but they are also located near the same regions of phase space (near (x = 0.7, y = 0.4)). These regions are around the stable periodic orbits whose existence is proven in Sec. 4. The area of the islands is limited by the asymptotic curves emanating from the periodic orbit O (x = 0.5, y = 0), which is unstable for K > 4. These asymptotic curves intersect at an infinity of homoclinic points (Fig. 13 for K = 4.7) and make oscillations between these homoclinic points, forming the so-called "lobes". The main homoclinic point H is at about equal distances from O along the unstable and stable asymptotic curves U and S. The oscillations are relatively small in the region surrounding the stable periodic orbit O 1 , for K not much larger than K = 4 and leave room for the invariant curves surrounding O 1 .
When K becomes larger (K = 6) the lobes formed by the asymptotic curves become longer. However, in Fig. 14 we see that the asymptotic curves still leave space for the appearance of islands around O 1 .
For even larger K the lobes of the asymptotic curves become even longer and their oscillations become larger and invade the region around O 1 (Fig. 15 for K = 8) .
Furthermore, the orbit O 1 and its higher order bifurcations become all unstable and their asymptotic curves intersect the asymptotic curves of the orbit O at an infinity of heteroclinic points, producing a large degree of chaos over the whole phase space.
The periodic orbit O 1 and its bifurcations become more and more unstable as K increases further, and they move to larger x and y. However, new stable periodic orbits are formed in the same regions for K ≈ 12.4 (Fig. 16) . The reason is the following.
As K increases the eigenvalue λ of the basic orbit O (x = 1/2, y = 0) increases almost linearly with K. In fact a simple analysis gives
Therefore the sizes of the asymptotic curves increase also almost linearly (Fig. 17) . The lengths of U and S up to their respective tips (the maximum distances from O, where these curves turn again inwards), are of the same order for K = 6, thus they are of the same order for any value of K. When K = 12.4 the tip of the unstable asymptotic curve (U ) is in the square [(1, 2), (1, 2)] and roughly in the same position with respect to this square as the tip of U in the original square [(0, 1), (0, 1)] for K = 6. On the other hand, the tip of the curve S for K = 12.4 is in the square [(0, 1), (1, 2)] and roughly in the same position with respect to this square as the tip of S in the original square [(0, 1), (0, 1)] for K = 6. The forms of the curves U and S near their tips are similar.
Therefore, when we bring back the parts of the curves U and S close to their tips to the original square [(0, 1), (0, 1)], because of the modulo 1, the lobes of U and S form a similar structure in the regions close to the transposed tips U and S (Fig. 16 ) as in the case K = 6 (Fig. 14) .
As the structure of the transposed asymptotic curves for K = 12.4 in the region around (x = 0.7, y = 0.4) is similar to the structure of these curves for K = 6, the transposed curves of the case K = 12.4 leave an empty region containing an island (Fig. 16) in the same way as in Fig. 14 for K = 6. The only difference is that the lobes U and S near the tips of Fig. 16 are thinner than the corresponding lobes of Fig. 14 , by a factor about 2, because the asymptotic curves in Fig. 17 for K = 12.4 are longer by a factor 2 than for K = 6. Therefore, the area of the islands in the case K = 12.4 is smaller than in the case K = 6 by a factor about 4. This is seen clearly if we superimpose the lobes of Figs. 14 and 16 (Fig. 18) .
Similar phenomena appear for K = 18.8 (Figs. 17 and 19 ). The tips of U and S are in the squares [(2, 3), (2, 3)] and [(0, 1), (2, 3)] respectively and roughly in the same position with respect to these squares as the tips of U and S for the case K = 6 with respect to the square [(0, 1), (0, 1)]. In this case the lobes of U and S near their tips are even thinner than in the case K = 12.4, therefore the islands are smaller.
This phenomenon is repeated periodically in K with a period ∆K = 2π. As the lengths of U and S increase linearly with K, when K is near K = 2nπ the tip of U is in the square [(n, n + 1), (n, n + 1)] and the tip of S is in the square [(0, 1), (n, n + 1)].
These tips and the lobes U and S near them are brought back to the square [(0, 1), (0, 1)], because of the modulo 1, and form a similar structure containing small islands of stability.
This explains the periodic appearance of the islands of group I in the standard map for increasing K. The islands become insignificant for large K. Namely, A becomes smaller than 0.001% for K > 130.
Periodic Orbits of Periods 1 and 2
The periodic orbits in the standard map and their stability were studied by Chirikov [1979] . In the present paper we study in more detail the most important families of periodic orbits and we find the connections between them. The stable orbits are especially important because they are surrounded by islands of stability.
The simplest period-1 family O has fixed x and y (x = 1/2, y = 0). This is stable for K < 4 and becomes unstable for K > 4. The Hénon [1965] stability parameter a is between −1 and 1 in the stable case, while |a| > 1 in the unstable case (Fig. 20) . At K = 4 there is a period-doubling bifurcation. More families of period-1 appear on the x-axis whenever K goes beyond K = 2nπ (n ≥ 1). These are families of group II and appear for y = 0 and
For example, if n = 1 and K = 2π we have x = 1/4. If K > 2π we have two values of x, one in the interval 0 < x < 1/4 and the other in the interval 1/4 < x < 1/2. Two more families have x symmetric to the above with respect to x = 1/2, namely in the intervals 3/4 < x < 1 and 1/2 < x < 3/4. These orbits have n negative. Similar families appear whenever K ≥ 2π|n|.
The stability of these orbits was considered by Chirikov [1979] . The solutions in the intervals 0 < x < 1/4 and 3/4 < x < 1 are unstable, while the solutions in the intervals 1/4 < x < 1/2 and 1/2 < x < 3/4 are stable whenever K is in the intervals
The stable period-1 orbits are surrounded by islands of stability. The Hénon stability parameters [Hénon, 1965] of these families for n = 1 are given in Fig. 21 . The intervals of stability ∆K = [(2nπ) 2 + 16] 1/2 − 2nπ are approximately equal to ∆K = 8/K.
The period-2 family O 1 generated at K = 4 is stable in the interval 4 < K < 2π (Fig. 20 ). An orbit starting at O 1 has another point O 1 symmetric with respect to the center (0.5, 0.5) [ Fig. 1(a) ]. After two iterations the standard map gives
(mod 1) (8)
If x = x (mod 1), y = y (mod 1) we find
where x is given by Eq. (1) and is an integer. Equation (9) was given by Chirikov [1979] , who introduced the notion of "accelerator modes" if the images of y differ from y by an integer (see also [Rom-Kedar & Zaslavsky, 1999] ). The case = 0 is the simplest one. Then Eq. (9) gives either
or
First Case. This case refers to orbits of group I. Then Eqs. (1), (8) and (10) give
hence
If we set
with 0 < δ < 1/2 we find
and
The minimum value of K is given by
where
The values of δ 0 for various integer values of n and the corresponding values of K 0 are given in Table 1 .
The values of K 0 are smaller than 2nπ, but they approach 2nπ for large n. Thus the differences ∆K 0 approach 2π. The values of δ 0 are smaller than 1/4 and they approach 1/4 for large n. The corresponding values of x 0 at the minimum K approach 3/4.
The family O 1 is called "regular" because it is connected to the original family O (x = 1/2) that exists all the way from the unperturbed problem (K = 0). The families O * 1 , O * * 1 , O * * * 1 , are "irregular" families, because they are not connected to the families of the unperturbed problem. (The terminology of "regular" and "irregular" families was introduced by Contopoulos [1970] .) Every new stable irregular family is generated at a tangent bifurcation, (i.e. at a minimum K, where the tangent of the characteristic is vertical) together with an unstable periodic orbit of the same multiplicity (Fig. 22) . The stability of the double periodic orbit is found by differentiating Eq. (8) with respect to x and y, namely
The eigenvalues λ are given by
is the Hénon stability parameter [Hénon, 1965] . From Eq. (10) we find cos 2πx = cos 2πx
The orbits are stable if −1 < a < 1, hence
Therefore the orbits are stable if cos 2πx < 0, i.e. 1/4 < x < 3/4 and unstable if cos 2πx > 0, i.e. 0 < x < 1/4 and 3/4 < x < 1. This is seen in Fig. 22 
Then from Eq. (18) we find
The inequality (26) is always satisfied, except if K cos 2πx = −K cos 2πδ = −2, when we have an equality. For example, if n = 0 we have δ = 0.1855 and K = 5.07. The stability curve of this family is tangent to the axis a = −1 at this point (Fig. 20) . There we have the bifurcation of two stable and two unstable periodic orbits of period-4. These stable orbits produce resonant islands inside the islands surrounding O 1 and O 1 , as seen in Figs. 4 and 5 of [Contopoulos et al., 1999] . When these secondary islands escape in the chaotic sea, they generate a large dip (n/m = 1/2) in the curve giving A versus K (Fig. 8) .
Similar tangencies appear in the stability curves of the period-2 families for n ≥ 1.
The characteristic of the period-2 family continues as unstable (Fig. 20) beyond the bifurcation point (x = 3/4, y = 1/2). As K increases both x and y increase and tend to the point x = y = 1 as K → ∞. The positions of this unstable periodic orbit for K = 12.4 and K = 18.8 are marked by dots in Figs. 16 and 19. Second Case. At the bifurcation point of group I family O 1 at (x = 3/4, y = 1/2, K = 2π) we have generation of two families of equal period O 2 (period-2, Fig. 20 ). These families belong to the second case of period-2 orbits given by Eq. (11). Then from Eqs. (1), (8), (9) and (11) we find 2y + K 2π sin 2πx = 0 (mod 1) (33) and
Therefore the new families have y = 1/2 (constant), while two values of x are found for each K from Eq. (36).
Similar period-2 families (equal period bifurcations) appear for n ≥ 2 at the same point (x = 3/4, y = 1/2, for K = 2πn). Their stability can be studied in the same way as above. They are stable in the intervals
The interval of stability ∆K is equal to ∆K ≈ 2/K. These families were discussed by Chirikov [1970] , who gave the formulae (7) and (37). But we stress here that these families are bifurcations of the families O 1 , O * 1 , O * * 1 . . . for n = 1, 2, 3, respectively. An example of the stability curves of such families is given in Fig. 20 .
When such a family becomes unstable at a = −1 for K = [(2πn) 2 + 4] 1/2 it generates a double period family (period-4). This family becomes also unstable at a = −1 and generates a period-8 family, and so on. All the families beyond O 2 are generated by period-doubling bifurcations. The stability intervals of every successive family decrease by a factor 8.72 [Benettin et al., 1980] . The islands around these successive bifurcating orbits are small. Their size is given in Fig. 8 beyond K = 2π = 6.283 as a continuation of the solid curve of Fig. 8 Higher order intervals decrease by a factor 8.72 each time. Thus this sequence leads to an infinity of unstable periodic orbits beyond K = 6.6349 (Fig. 8) . The total interval of stability before and beyond K = 2πn (solid line of Fig. 8 ) is equal to ∆K(group I) ≈ 10/K.
Further Families. The sizes of the islands of group II (islands near the x-axis, Fig. 4 ) are given by dashed lines in Figs. 3 and 8 . The periodic orbits that are surrounded by the islands with n = 1 start at K = 2π = 6.2832 and are stable up to K = [(2π) 2 +16] 1/2 = 7.4484 (Fig. 8) . Then they generate a double period family that is stable in the interval 7.4484 − 7.7134, followed by a stable period-4 family in the interval 7.71341 − 7.74486, a stable period-8 family in the interval 7.74486 − 7.74848, and so on (Fig. 21) . The intervals decrease by a factor that tends to 8.72. Thus beyond K = 7.74895 there is an infinity of unstable periodic orbits and all the islands are destroyed.
Similar results appear for group II islands with n = 2 (Fig. 3) . They start at K = 4π and are stable up to K = [(4π) 2 + 16] 1/2 = 13.1876. Then they generate a cascade of period-doubling bifurcations that lead to a destruction of all the islands beyond K = 13.3589.
All the above families are generated with = 0 in Eq. (9). If is an integer different from 0 more period-2 families are generated. All of them are "irregular", i.e. they are not connected to any families of the unperturbed problem. They are produced at various minimum values of K as a couple of one stable and one unstable family. Using Eqs. (8) and (9) we find
where x = 1/2 + δ. For a fixed , Eq. (38) gives K as a function of δ. These functions have a minimum K. In fact, the factor of K in Eq. (38) is less than 2 absolutely, therefore K cannot be smaller than π| |.
Various families K = K(δ) for different are shown in Fig. 23 . Near the minimum K one of the two branches is stable. However the corresponding islands of stability are extremely small.
Period-4 Orbits
Group III islands surround a set of period-4 orbits, and they are unexpectedly large.
These orbits appear in pairs, forming two sets of four points each. Two points are on the x-axis and two outside this axis (Figs. 6(a) and 6(b) ). Thus each set of four islands has two islands on the x-axis and two islands outside this axis.
Here we discuss the period-4 orbits at the centers of these islands. We use the values of x , y as given by Eq. (1) and the values of x , y as given by Eq. (8). Then
(mod 1)
If we write
(n = integer, 0 < z < 1) we find
We have a periodic orbit of period-4 if (x IV = x, y IV = y) (mod 1). Then 4y + 4z + 3K 2π sin 2πx + 2K 2π sin 2πx
One solution of these equations has y = 0 and
We can check that this solution satisfies both equations (43).
From Eqs. (41) and (44) we find
as in the case of double periodic orbits [Eq. (9)]. From now on we consider only the case = 0. We have two solutions of this equation. Either
The first solution gives
The corresponding value of x, as a function of K is given in Fig. 24 (for n = 1) . The solution (49) has a minimum K = K 0 if tan πz 0 = π(n + z 0 ), therefore The values of πz 0 and K 0 at the minima of K for various values of n are given in Table 2 .
The values of πz 0 are smaller than π/2, i.e. z 0 < 1/2. The values of K 0 are a little smaller than (2n + 1)π, but they tend to (2n + 1)π for large n. The differences ∆K 0 are larger than 2π, but they tend to 2π as n increases. Therefore the corresponding islands are close to 2π apart.
Differentiating Eqs. (40) we find
and if we set dx IV = λdx, dy IV = λdy, we find the eigenvalues λ from an equation of the form of Eq. (21), where the Hénon stability parameter is
with c = cos 2πx, c = cos 2π(x + z)
We have stable orbits if −1 < a < 1. From Eq. (48) we find
Then
and we have stability if
The stability curves (a versus K) for this family and its bifurcations are given in Fig. 25 for n = 1. The right inequality (57) 2/K (found in a similar way as the interval of stability of group I orbits). If z decreases below z 0 , K increases, x increases beyond x 0 = (1 − z 0 )/2 (curve (2) of Fig. 24) and Kc decreases until it becomes smaller than −4. At the transition to instability K 1 c 1 = −4. For example, for n = 1 we find z 0 = 0.4303, x 0 = 0.2849, z 1 = 0.36071, x 1 = 0.31965 and K 1 = 9.4392. The transition value K 1 along the upper branch of x is slightly larger than the transition value K = 3π ≈ 9.4248 for instability along the lower branch of period-4 orbits with x < x 0 .
The left inequality (57) gives
This is satisfied for −4 < Kc < 0, except at the points Kc = −2 + √ 2 = −0.5858, and Kc = −2 − √ 2 = −3.4142, where e = 0. As a consequence the stability curves of the families (1) and (2) are tangent to the axis a = −1 at one point each (both points are near K ≈ 9.3 for n = 1) (Fig. 25) .
Similar stability curves appear for all values of n.
The fact that for a given K we have two values of x (Fig. 24) implies that we have the appearance of two stable orbits for the same values of K. These orbits are surrounded by pairs of islands (group III islands, Fig. 6 ). Similar pairs of islands were found in the web map by Zaslavsky et al. [1997] .
At K = (2n + 1)π two period-4 families bifurcate from the previous family (equal period bifurcations along the lower period-4 family of Fig. 25 (family (1)), with z = 1/2. The first has x > 1/4 and the second x < 1/4. The corresponding y along the new families is y = z = 1/2 (constant) and
The values of c and c [Eq. (53) ] are c = −c = cos 2πx (62) and
Then from Eq. (52) we find
This orbit is stable if −1 < a < 1, therefore we have the inequalities K 2 c 2 (K 2 c 2 − 8) < 0 and 0 < 4 − 8K 2 c 2 + K 4 c 4 . These are written as
For example, for n = 1 the new period-4 families are stable in the intervals 3π = 9.425 < K < 9.453 and 9.813 < K < 9.840. At K = 9.453 a period-8 family is generated followed by a cascade of period-doubling bifurcations (Figs. 24 and 25) .
Beyond K = 9.840 these families are unstable. At K = 9.840 each of them generates by bifurcation two equal period families that are stable in a small interval beyond this value of K. However, the corresponding islands of stability near K = 9.840 are very small.
A similar bifurcation occurs along the upper branch (family (2) of Fig. 24 ) at K = K 1 . The orbits have another intersection point with y = 0 and x = (n + z)/2. Therefore for n = 1
while K and Kc are given by Eqs. (49) and (55). Thus the same stability criteria apply to them. At the transition K = K 1 start two bifurcating families of equal period, that generate a cascade of bifurcations. The stability curves of these orbits are shown as dashed lines in Fig. 25 . We notice that the two islands of Fig. 6 are well separated for large K and they disappear at different values of K.
It is remarkable that the intervals of stability for the periodic orbits beyond K = 2nπ and K = (2n + 1)π are given by similar, yet different, formulae. Namely the simple periodic orbits on the x-axis (group II) are stable in an interval ∆K = [(2nπ) 2 + 16] 1/2 − 2nπ ≈ 8/K [Eq. (7)], the double period orbits with constant y = 1/2 (also in group I) are stable in an interval ∆K = [(2nπ) 2 + 4] 1/2 − 2nπ ≈ 2/K [Eq. (37)], while the orbits of the group III with constant y = 1/2 are stable in two intervals ∆K = {[(2n Eq. 66) . Therefore these stability intervals of the three groups of islands have similar forms.
Conclusions
The most important results of the present study are the following: The curves giving A versus K are practically exactly the same after an appropriate scaling in the cases of groups I and II. The curves of group III agree with each other (after scaling) but they are quantitatively different from the curves of groups I and II, although they have similar dips at the same resonances. Similar increases and decreases of islands were found in several other problems. (v) The main difference of the islands of group III is that they appear in pairs (around two stable periodic orbits of period-4 each, belonging to two families (1) and (2)). These periodic orbits are generated, together with two unstable orbits, at the same tangent bifurcation. On the contrary, the islands of groups I and II are around regular periodic orbits, or around irregular orbits generated at a tangent bifurcation of the usual type (one stable and one unstable orbit). (vi) The islands of type I are surrounded by arcs of the asymptotic curves (unstable and stable) of the main periodic orbit O (x = 0.5, y = 0), near a point (x = 0.7, y = 0.4), and a symmetric point (x = 0.3, y = 0.6). These islands appear for the first time when K > 4. When K increases to K > 8 these islands are destroyed, but when K increases further to K ≈ 12 similar islands appear near the same point. This is due to the almost linear increase of the lengths of the asymptotic curves (up to their outermost tips) with K. In fact the eigenvalue |λ| of the periodic orbit O is an almost linear function of K. When K increases from K ≈ 2π to K ≈ 4π the tips of the asymptotic curves move to the squares [(1, 2), (1, 2)] (unstable) and [(0, 1), (1, 2)] (stable), and when these squares are superimposed on the original square [(0, 1), (0, 1)] the structure of the arcs of the asymptotic curves near their tips is similar around the (same) points (x = 0.7, y = 0.4) and (x = 0.3, y = 0.6). Thus the asymptotic curves leave free space for the formation of similar islands of stability. Similar results appear whenever K increases by 2nπ. (vii) The islands surround stable periodic orbits that become unstable at particular critical values K = K cr , and they are followed by a cascade of period doubling bifurcations at intervals decreasing by a factor near δ = 8.72. Every time K increases by 2π a new family appears that follows the same pattern of period-doubling bifurcations. These families are irregular, i.e. they are not connected to the families that exist for small K. (viii) The islands of the group II appear on the xaxis. These islands surround irregular stable periodic orbits on the x-axis. The first irregular periodic orbits appear when K ≥ 2π. Higher order islands appear whenever K ≥ 2nπ. Their stability and bifurcations can be found analytically. (ix) The periodic orbits of group II are stable in an interval ∆K beyond K = 2nπ. The main periodic orbits of group I are stable in an interval before K = 2nπ up to K = 2nπ. At K = 2nπ they become unstable, but they generate two equal period families of orbits that have (both) y = 1/2 (constant) and they are stable for an interval ∆K beyond 2nπ. These orbits are followed by a cascade of perioddoubling bifurcations. (x) The periodic orbits of group III (family (1)) are stable in an interval ∆K before K = (2n + 1)π. Two islands of group III are on the x-axis and two more outside this axis. The corresponding periodic orbits are stable in an interval ∆K before K = (2n + 1)π, and become unstable at K = (2n + 1)π. There they generate two equal period orbits (period-4) each, that have two points with y = 0 and two more points with y = 1/2 (constant) and they are stable in an interval ∆K beyond K = (2n + 1)π.
(xi) The minima K of the new irregular families of groups I and III are somewhat smaller than 2nπ and (2n+1)π respectively, while the minimum K of group II families is 2nπ. The stable periodic orbits of groups I and III (family (1)) become unstable at exactly 2nπ and (2n + 1)π and the intervals of stability are ∆K ≈ 8/K and ∆K ≈ 2/K, respectively. The orbits of groups I (in particular the equal period bifurcating families) and II, starting at K = n π = 2nπ and of group III (the equal period bifurcating families from family (1)) starting at K = n π = (2n+1)π are stable in intervals from K = n π up to K = [(n π) 2 + B] 1/2 , with B = 4, 16 and 4− 2 √ 3 in groups I, II, III, respectively. The corresponding intervals of stability are ∆K ≈ 2/K, ∆K ≈ 8/K and ∆K ≈ 0.27/K respectively.
In group III (family(1)) the stable family that becomes unstable for B = 4 − 2 √ 3 becomes again stable when B is in an interval between B = 4 + 2 √ 3 and B = 8 and this interval is again equal to ∆K ≈ 0.27/K. Similar results apply to the family (2) of group III.
Thus the intervals of K that contain the main islands of the system (around the main periodic orbits of periods 1, 2 and 4) can be found theoretically. The decrease of the size of the islands can be also estimated theoretically. What was found empirically is the relatively large size of these islands. (xii) It seems probable that recurrences of order in chaos appear for most maps with a certain modulo. In fact, by bringing back the asymptotic curves in the original square, we may find new homoclinic tangencies, hence, according to the Newhouse theorem [Newhouse, 1983] , new stable periodic orbits. In particular, we did find similar recurrencies in further maps with trigonometric terms. However, this problem requires a more detailed study.
